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LECTURE 4

1. BUILDING OUR MATHEMATICAL LIBRARY TO CAPTURE KINETICS

We have learned about mass action kinetics and seen it in two contexts - degradation and
(un)dimerization. There are more processes for which we use mass action kinetics.

e zeroether order (mass action) — basal rate of transcription.
e first order (mass action) — transport, non-specific degradation, undimerization
e second order (mass action) — dimerization

We need to cover two more situations — Michaelis-Menten kinetics (enzyme-mediated pro-
cesses with few enzymes, which may include phosphorylation and targeted degradation)
and Hill kinetics (for trasncriptional regulation).

Today, we will talk about enzyme kinetics.

2. ENzyME KINETICS

Enzymes catalyze reactions. We are studying S — P in which enzyme FE either dramati-
cally speeds up that reaction or is necessary for it to occur.

Our ultimate goal will be to model the dynamics of P in terms of the concentration of
S, but it isn’t as simple as % = kS because the presence of an enzyme is necessary
and the rate depends upon how much enzyme there is. We could explicitly include the
enzyme concentration in the model, but that would add equations (and therefore make
simulation time take longer). So, we will spend this week learning about how to model an

enzyme-catalyzed reaction with 2 ODE’s instead of 4.
But first, we need to understand the full process.

First, we look a reaction in which substrate S produces product P with help from enzyme
E. The reaction is broken down like this:

kl k2
SE——>P+ F
k_q

S+FE
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The enzyme kinetics are modeled by 4 ODEs.

ds
di
dE
di
P
dt
dSE
di

= —k-S-E+k_-SE
= kS -E+k_1SE+ky-SE
— ky-SE

= ki -S-E—k_ 1 -SE—ky-SE

Our goal with this model is to examine how the concentration of S affects the dynamics of
P. The answer depends on how much enzyme is in the system.

Code up the full model in Python.

import numpy as np
import scipy.integrate
import matplotlib.pyplot as plt

def enzyme_model( t, y, params ):

S = y|[0]
E = y[1]
P = y[2]
SE = y[3]

k1f = params[0]
klb = params|[1]
k2 = params[2]

dydt = np.zeros( (4,) )

dydt [0] = —k1f+*S«E + klbxSE # S
dydt[1] = —k1f+S«E + k1bxSE + k2+SE #B
dydt[2] = k2#SE #P

dydt [3] = k1f*S+E — k1b*SE — k2%SE #SFE

return dydt

Simulate the reactions with lots of substrate and very little enzyme. Because there are so
few enzymes, they are rate-limiting and the amount of substrate has no effect on the rate
of product creation.

kif = 2
kib =1
k2 = 3

params = (k1f, klb, k2)

S0
EO

100
1
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SE0 = 0
PO = 0
yinit = (S0,E0,P0,SE0)

em = lambda t,y: enzyme_model(t,y,params)
sol = scipy.integrate.solve_ivp( fun=em, t_-span=(0,100), yO=yinit ,
t_eval=np.arange(0,100,1) )

Back to the question of the day. What is the relationship between S and dP/dt?
Let’s graph it.

Augment the running code so that you draw not just the traces over time, but also the
relationship.

plt.figure ()

plt.plot( sol.t, sol.y.T )

plt.xlabel ( ”Time”)

plt.ylabel( ”Concentration” )
plt.legend( [”S”,”E”,”P” ,”SE”])
plt.title ( ”Enzyme—catalyzed reaction”);

plt. figure ()

P = sol.y[2,:].T

S = sol.y[0,: —1].T

velocity_of_P = np.divide (np. diff(P), (sol.t[1l]—sol.t[0]))
plt.plot( S, velocity_-of_ P );

plt.xlabel( 'S’ );

plt . ylabel( *dP/dt’ );

The curve is hyperbolic. It asymptotes at a maximal rate of production. If there is very
little S in the system, then product can’t be made too quickly. Going from a little bit of
S to a medium bit of S causes a dramatic increase in the rate of production. But then we
get to a point where adding more S gives us no advantage.

Using what is called a quasi-steady-state-assumption (that SE and E are both at constant
concentrations), it is possible to derive a mathematical expression for % that is a function
of S, but not E or SE (they aren’t changing so why model them?). It is

S
v JE—
mCLl‘Km_"_S

where vq. = E(0) - kg and K,,, = k*ﬂk?
The kinetics captured by this expression are referred to as Michaelis-Menton kinetics.

Plot the Michaelis-Menton with the velocity_of P curve we computed from the simulation:

[Km = (k1b + k2)/k1f
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vmax = E0xk2

analytic_.dPdt = vmax * np.divide( S, (S+Km) )
plt.plot (S, analytic_.dPdt)

plt.plot( S, velocity-of_P)

plt.xlabel( 7S”)
plt . ylabel ("dP/dt”)
plt.legend ( ["MM expression” ,” Simulation”]);
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