Math 16H Guest Lecture

Computer Graphics

Given a model of the arld, what does the model look éikrom a particular point of we?
* Add interactvity to build creatve tools and vieer controlled animations
* Add motion to agents in the model to get more traditional animations

Models in graphics include both geometric models and appearance models.
* We want to be able tolld and manipulate geometric models quickly and easily
» Linear algebra ges us a set of tools with which we can do that

Transformations

Things we vant to do with models in graphics
* Translate them
e Scale them
* Rotate them
* Smoosh, stretch, sheand reflect them

If we want to translate an object around the screen (2D) do we...
» A) change the coordinates by hand,
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» C) Develop a general system of representing and applying translations?

If we want to rotate an object around the screen do we...
* A) change the coordinates by hand,
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- B) Transform the points along the edge of a cifdge"| = |*0ld®0%° ~YoiaSIN
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* C) Develop a general system of representing and applying rotations?

If we want to scale an object on the screen do we...
* A) change the coordinates by hand,

» B) Multiply each point by a scalaaiue !X“e"‘i = !XOlds
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* C) Develop a general system of representing and apply scales?
If you said C on all three, you are correct.
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Matrix Repr esentations of:

Homogeneous Coordinates: x g/, y =y, / h, let h = 1 for covenience.
» Translations
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Concatentation of transbrmations

With column \ectors, the procedure mes from right to left, so the right-most matrix is enacted
first.

» Concatenating translations, order doesmtter (add translations).

» Concatenating 2-D rotations, order do¢smatter (add rotations).

» Concatenating scales, order doesmatter (multiply scaleafctors).

» Concatenating arbitrary transformations, order matters.

ExampleTake aunit squarg0,0)to (1,1),translatat sothecenteris attheorigin T(-.5,-.5), then
scale it by 2 in all directions S(2,2), then rotate it by 4freles B(45), then translate it so the

center is at (3,2), T(3.5, 2.5).
The single matrix is: X = T(3.5, 2.5),@5) S(2,2) T(-.5, -.5)

General pivot point rotations
« Translate to origin (7 -Yo)

* Rotate about the origin
» Translate back to the original positior,(¥o)

* We can precalculate this matrix as well:

10 X/ | cos® —sind 0| |1 0 =X, CosB —sind x,(1— cosh) + y,sind
01y [Sin® cosB 0|0 1-y, = |sin@ cosB y,(1-cosd) + X,sinb
001/L 0O 0 1joo 1 0 O 1

General fixed-point scaling

Same idea as arbitrary point rotations.
» Translate the fied scale point to the origin
» Scale about the origin



» Translate back to the &x point
* We can precalculate these as well

10 X%/ |S, 0 0|10 —x, S, 0 Xy(1-s))

01y, |0s,001-y = |05 Yo(l-s)
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General scaling directions and fixed points

Concatenate translations, rotations, and scales
» Translate the fied point to the origin

* Rotate to the desired scalingeax

» Scale about the origin

* Rotate back to the original ex

» Translate back to the & point

Reflection
» Reflect about y-axis, x-axis, origin, line y =x, or liney = -x.

100 -100 -1 00 010 0-10
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001 001 0 01 001 0 01

Shear

A shear mues diferent parts of the coordinate systenfedeéntly
1sh, 0O
010
001

3-D Transformations

* 4x4 matrices
* 4 element homogeneous coordinates
» 3-D Translation: T(x, yz)
» 3-D Scale: S(sx, $¥z)
* 3-D Rotation
» Z-axis
+ X-axis
» Y-axis (flip sine term)
» Scale about arbitrary ag
* Use u, yw representation of the weaxes, p is the ne origin
» Translate p to the origin
* If u,v, andw areorthogonalunit vectors thensetup therotationmatrix usingu asthetop
row, v and the secondwo and w as the third vo



» Scale
* Rotate back by the werse of the prgous rotation matrix (transpose)
» Translate back to the origin
» Orienting two coordinate systems
» if you have an orthogonal coordinate system M defined by three ectioss: u, yw you
can write, by inspection, the transformation that will bring M in line with the coordinate
system ags in which u, yw are defined.
u, uy, u, 0
. Y Vy Vv 0
W, Wy, W, 0

0 0 0 1

Hierar chical Modeling Systems

What really maks this pwerful is setting it up as a hierarchical modeling system.
» Use diferent coordinate systems for definingetiént stuf

Modeling coordinates whatever is appropriate for gdeloping the model

World coordinates. where stuflives in the wrld

Viewing coordinates transformation based onwwave want to look at the wrld

Normalized viewing coordinates device independent coordinates

Screen coordinateswhere in the image does a particular graphic prmigo

We can also makuse of hierarchies within the modeling coordinates

Example: 2-D Planar Robot Arm

Hand structure
* draw line from (0,1) to (3,0)
» draw line from (3,0) to (0,-1)
e draw line from (0,-1) to (0,1)
Forearm structure
* draw line from (0,0) to (10,0)
* rotate by end-ééctor angle



» translate by (10,0)
e draw hand

Upper arm structure
e draw line from (0,0) to (10,0)
* rotate by forearm angle
» translate by (10,0)
* draw forearm module

Robot structure
* rotate by upper arm angle
e draw upper arm module

Structure Tree Diagram

Another instantiation of
T(UA Length)*R(Angle2) the robot arm

Lower Arm — g Jine
T(LA Length) * R(Angle 3)
Hand ——p» 3lines

By changing the joint angles, the robot appears teemoa plysically correct manner

If we figure out the pysical equations for the joint angles basedxirraal/internal forces, we
can animate the figure in aysically realistic manner
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